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Chapter 1

Pythagoras Theorem
and Its Applications

1.1 Pythagoras Theorem and its converse

1.1.1 Pythagoras Theorem

The lengths a < b < ¢ of the sides of a right triangle satisfy the relation

a® + b? = 2.
a b b a
a a c a
b
b c
b b
a
b a b a

1.1.2 Converse Theorem

If the lengths of the sides of a triangles satisfy the relation a®+b% = ¢?, then
the triangle contains a right angle.
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C a B z a Y
Proof. Let ABC be a triangle with BC' = a, CA = b, and AB = c satisfy-
ing a® + b> = ¢?. Consider another triangle XY Z with
YZ=a, XZ=0b, [(XZY =90°.

By the Pythagorean theorem, XY? = a? + b® = ¢, so that XY = c.
Thus the triangles AABC = AXY Z by the SSS test. This means that
LACB = /X ZY is a right angle.

Exercise

1. Dissect two given squares into triangles and quadrilaterals and re-
arrange the pieces into a square.

2. BCX and CDY are equilateral triangles inside a rectangle ABCD.
The lines AX and AY are extended to intersect BC and C'D respec-
tively at P and (). Show that

(a) APQ is an equilateral triangle;
(b) AAPB + AADQ = ACPQ.

D
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3. ABC is a triangle with a right angle at C. If the median on the side
a is the geometric mean of the sides b and ¢, show that ¢ = 3b.

4. (a) Suppose ¢ = a+kb for a right triangle with legs a, b, and hypotenuse
c. Show that 0 < k < 1, and

a:b:c=1—k>:2k:1+ k%

(b) Find two right triangles which are not similar, each satisfying ¢ =
%a + %b. !

5. ABC'is a triangle with a right angle at C'. If the median on the side ¢
is the geometric mean of the sides a and b, show that one of the acute
angles is 15°.

6. Let ABC be a right triangle with a right angle at vertex C. Let
CXPY be a square with P on the hypotenuse, and X, Y on the sides.
Show that the length ¢ of a side of this square is given by

1 1 1

t a b

‘ L1

l/a +1/b = 1/t. a2 + 1/b"2 = Vd2.

la:b:c=12:35:37or 12 : 5 : 13. More generally, for h < k, there is, up to
similarity, a unique right triangle satisfying ¢ = ha + kb provided

(i) h<1<Kk,or

(ii) %Sh:k<1,or

(iii) h,k >0, h? + k* = 1.

There are two such right triangles if

0<h<k<l, h? +k? > 1.
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7. Let ABC' be a right triangle with sides a, b and hypotenuse c. If d is
the height of on the hypotenuse, show that
1 1 1

TR @

a?

8. (Construction of integer right triangles) It is known that every right

triangle of integer sides (without common divisor) can be obtained by

choosing two relatively prime positive integers m and n, one odd, one
even, and setting

a=m?—n?, b= 2mn, ¢ =m?+n?
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1.2 Euclid’s Proof of Pythagoras Theorem

1.2.1 Euclid’s proof
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Construction 2

Given two segments of length a, b, mark three points A, P, B on a line
(P between A and B) such that PA = a, PB = b. Describe a semicircle
with AB as diameter, and let the perpendicular through P intersect the

semicircle at Q. Then PQ? = PA - PB, so that the length of PQ is the
geometric mean of a and b.

Q
X
A a P b
y”"2 = a(a+b) =a’2 + ab,
y"2 = a2+ x2.

Therefore, ab =x"2.

Example

To cut a given rectangle of sides a < b into three pieces that can be re-
arranged into a square. 2

This construction is valid as long as a > %b.

2Phillips and Fisher, p.465.
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Exercise

1. The midpoint of a chord of length 2a is at a distance d from the

midpoint of the minor arc it cuts out from the circle. Show that the

. . . 2 2
diameter of the circle is & gd )

2. Two parallel chords of a circle has lengths 168 and 72, and are at a
distance 64 apart. Find the radius of the circle. 3

3. A crescent is formed by intersecting two circular arcs of qual radius.
The distance between the two endpoints A and B is a. The central
line intersects the arcs at two points P and () at a distance d apart.
Find the radius of the circles.

4. ABPQ is a rectangle constructed on the hypotenuse of a right trian-
gle ABC. X and Y are the intersections of AB with C'P and CQ
respectively.

3Answer: The distance from the center to the longer chord is 13. From this, the radius
of the circle is 85. More generally, if these chords has lengths 2a and 2b, and the distance
between them is d, the radius r of the circle is given by
> [d® + (a—b)?)[d? + (a+b)?]

= id? .
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Q P

(a) If ABPQ is a square, show that XY? = BX - AY.
(b) If AB = /2 AQ, show that AX? + BY? = AB?.

1.3 Construction of regular polygons

1.3.1 Equilateral triangle, regular hexagon, and square

Given a circle of radius a, we denote by

an inscribed

Zn .
the length of a side of a circumscribed

Zn

regular n—gon.

2
23 = \/ga, J3 = 2\/§a; 24 = \/5&, Z4 = 2a; 26=1, Zs= g\/ga.
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1.4 The regular pentagon and its construction

1.4.1 The regular pentagon

C

Since XB = X' by symmetry, the isosceles triangles CAB and XCB are

similar. From this,
AC  CX

AB ~ CB’
and AC -CB = AB - CX. It follows that

AX? = AB- XB.

1.4.2 Division of a segment into the golden ratio

Such a point X is said to divide the segment AB in the golden ratio, and
can be constructed as follows.

(1) Draw a right triangle ABP with BP perpendicular to AB and half
in length.

(2) Mark a point @ on the hypotenuse AP such that PQ = PB.

(3) Mark a point X on the segment AB such that AX = AQ.

Then X divides AB into the golden ratio, namely,

AX : AB=XB: AX.
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Exercise

1. If X divides AB into the golden ratio, then AX : XB = ¢ : 1, where
1
¢ = 5(\/5—1—1)% 1.618---.

Show also that ﬁ—g = %(\/5— H=¢—1= %

2. If the legs and the altitude of a right triangle form the sides of another
right triangle, show that the altitude divides the hypotenuse into the
golden ratio.

3. ABC is an isosceles triangle with a point X on AB such that AX =
CX = BC. Show that
(i) LBAC = 36°;
(i) AX: XB=¢:1.
Suppose X B = 1. Let E be the midpoint of the side AC. Show that

1
XE = Z\/10 +2v/5.
Deduce that

541 1
6053602\/_4+, sin36°:§\/10—2\/5, tan 36° = \/5 — 2v/5.

B

4. ABC is an isosceles triangle with AB = AC' = 4. X is a point on AB
such that AX = CX = BC. Let D be the midpoint of BC'. Calculate
the length of AD, and deduce that

—1 1 1
sin 18° = ‘/54 . cosl8 = Z\/10 +2v5,  tanl8° = g\/25 —10V/5.
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1.4.3 Construction of a regular pentagon

1. Divide a segment AB into the golden ratio at X.
2. Construct the circles A(X) and X (B) to intersect at C.

3. Construct a circle center C, radius AB, to meet the two circles A(X)
and B(AX) at D and FE respectively.

Then, ACBED is a regular pentagon.

Exercise

1. Justify the following construction of an inscribed regular pentagon.

1.5 The cosine formula and its applications

1.5.1 The cosine formula

? = a? 4+ b? — 2abcos .
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Exercise
1. Show that the (4,5,6) triangle has one angle equal to twice of another.
2. If v = 23, show that ¢® = (a + b)b.

3. Find a simple relation between the sum of the areas of the three squares
S1, S2, S3, and that of the squares 11, 12, 13.

4. ABC is a triangle with a = 12, b4+ ¢ = 18, and cosa = %. Show that
4

a® =03+

4AMM E688, P.A. Piz4. Here, b =9 — /5, and ¢ = 9 + v/5.
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1.5.2 Stewart’s Theorem

If X is a point on the side BC (or its extension) such that BX : XC = \ : p,

then

R Y

B N N

Proof. Use the cosine formula to compute the cosines of the angles AX B
and AXC, and note that cos ABC = —cos AXB.

A A

AX?

A

1.5.3 Apollonius Theorem
The length m, of the median AD is given by

!

4(252 +2¢% — a?).

m? =
Proof. Apply Stewart’s Theorem with A = = 1.

Exercise
1. mp = m. if and only if b = c.
2. m2 +m2+m2=3(a®+ b2 +c2).

3. The lengths of the sides of a triangle are 136, 170, and 174. Calculate
the lengths of its medians. ®

4. Suppose ¢ = azzbz. Show that m. = 23 c. Give a euclidean construc-
tion of triangles satisfying this condition.

5 Answers: 158, 131, 127.
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5. If mg : mp : me =a : b: ¢, show that the triangle is equilateral.
6. Suppose my : m. = ¢ : b. Show that either

(i) b=¢, or

(ii) the quadrilateral AEGF is cyclic.

Show that the triangle is equilateral if both (i) and (ii) hold. ®

7. Show that the median m, can never be equal to the arithmetic mean
of band c. 7

8. The median m, is the geometric mean of b and ¢ if and only if a =
V2[b —c|.
1.5.4 Length of angle bisector
The length w, of the (internal) bisector of angle A is given by

7).

a
b+c

w2 = be[l — (

a

Proof. Apply Stewart’s Theorem with A = ¢ and p = b.

Exercise
2 _ 4bes(s—a)
1. ’U)a = W

2. The lengths of the sides of a triangle are 84, 125, 169. Calculate the
lengths of its internal bisectors. 8

3. (Steiner - Lehmus Theorem) If w, = wy, then a = b. °

4. Suppose w, : wp = b : a. Show that the triangle is either isosceles, or
v =60°. 10

®Crux 383. In fact, b®’mj — ¢®m?2 = 1(c — b)(c + b)(b* + ¢* — 2a?).
"Complete the triangle ABC to a parallelogram ABA'C.
8 . 975 26208 12600
9Answelrs. =2, S5, 09
Hint: Show that

a b  (a—b)(a+b+c)®>—ab

(b+c)2  (c+a)2 (b+c)2(c+a)?

10 42,,,2 2.2 _ abe(b—a)(at+b+c)? 2 2 2
aWa—b W, = W[a —ab+b —C ]
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5. Show that the length of the external angle bisector is given by

a B 4bc(s—b)(s—c)‘

wi = bel(p)? 1] = =

6. In triangle ABC, a = 12°, and 8 = 36°. Calculate the ratio of the
lengths of the external angle bisectors w/, and wj.

1.6 Appendix: Synthetic proofs of Steiner - Lehmus
Theorem

1.6.1 First proof. 2

Suppose G < 7 in triangle ABC. We show that the bisector BM is longer
than the bisector CN.

Choose a point L on BM such that /NCL = %ﬂ. Then B, N, L, C are
concyclic since ZNBL = /NCL. Note that

/NBC = < %(ﬂ +4) = LLCB,

and both are acute angles. Since smaller chords of a circle subtend smaller
acute angles, we have CN < BL. It follows that CN < BM.

1 Answer: 1:1. The counterpart of the Steiner - Lehmus theorem does not hold. See
Crux Math. 2 (1976) pp. 22 — 24. D.L.MacKay (AMM E312): if the external angle
bisectors of B and C of a scalene triangle ABC are equal, then #=% is the geometric mean
of S;b and #=<. See also Crux 1607 for examples of triangles with one internal bisector
equal to one external bisector.

12Gilbert - McDonnell, American Mathematical Monthly, vol. 70 (1963) 79 — 80.
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1.6.2 Second proof. 13

Suppose the bisectors BM and C'N in triangle ABC are equal. We shall
show that 6 = . If not, assume 8 < . Compare the triangles CBM and
BCN. These have two pairs of equal sides with included angles /CBM =
% 8 < %’y = /BCN, both of which are acute. Their opposite sides therefore
satisfy the relation CM < BN.

Complete the parallelogram BMGN, and consider the triangle CNG.
This is isosceles since CN = BM = NG. Note that

/CGN = %5+ZOGM,

2

Since § <



Chapter 2

The circumcircle and
the incircle

2.1 The circumcircle

2.1.1 The circumcenter

The perpendicular bisectors of the three sides of a triangle are concurrent
at the circumcenter of the triangle. This is the center of the circumcircle,
the circle passing through the three vertices of the triangle.

2.1.2 The sine formula

Let R denote the circumradius of a triangle ABC with sides a, b, ¢ opposite
to the angles a, 0, v respectively.

18
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a_b c

=2R.

sina  sinf  sinvy
Exercise

1. The internal bisectors of angles B and C' intersect the circumcircle of
AABC at B' and C'.

(i) Show that if 5 =+, then BB’ = C(C".
(ii) If BB' = CC’, does it follow that 3 = 4?7 !

2. If H is the orthocenter of triangle ABC, then the triangles HAB,
HBC, HCA and ABC have the same circumradius.

3. Given three angles «, 3, v such that 8 + ¢ + ¢ = 60°, and an equi-

lateral triangle XY Z, construct outwardly triangles AY Z and BZX
such that LAY Z =60°+, LAZY =60°+ ¢

/BZX =60°4+0, /BXZ =060°+1"
of XY Z have unit length.

(a) Show that

Suppose the sides

sin(60° 4 1)

sin(60° + )
sin 0 '

sin ¢

AZ = , and BZ =

(b) In triangle ABZ, show that /ZAB =0 and LZBA = ¢.

1/ee , . .
(ii) No. BB’ =CC' ifand only if 3 =y or a = 2?
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C

(c) Suppose a third triangle XY C is constructed outside XY Z such
AY, AZ

that /CY X =60°4+6 and /CXY = 60°+ ¢. Show that BX, BZ are
CX,CY
the trisectors of the angles of triangle ABC.

(d) Show that AY - BZ-CX = AZ - BX - CY.

(e) Suppose the extensions of BX and AY intersect at P. Show that
the triangles PXZ and PY Z are congruent.

2.1.3 Johnson’s Theorem

Suppose three circles A(r), B(r), and C(r) have a common point P. If the
X

(B) ()
circles (C') and (A) intersect again at Y, then the circle through X, Y,
(4) (B) Z

Z also has radius r.
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Proof. (1) BPCX, APCY and APBZ are all rhombi. Thus, AY and
BX are parallel, each being parallel to PC. Since AY = BX, ABXY is a
parallelogram, and XY = AB.

(2) Similarly, YZ = BC and ZX = CA. It follows that the triangles
XY Z and ABC' are congruent.

(3) Since triangle ABC' has circumradius 7, the circumcenter being P,
the circumradius of XY Z is also r.

Exercise

1. Show that AX, BY and C'Z have a common midpoint.

2.2 The incircle

2.2.1 The incenter

The internal angle bisectors of a triangle are concurrent at the incenter of
the triangle. This is the center of the incircle, the circle tangent to the three
sides of the triangle.

If the incircle touches the sides BC, C' A and AB respectively at X, Y,
and Z,

AY = AZ =s—a, BX =BZ =5-—1, CX=CY=s5—c
B

2.2.2

Denote by r the inradius of the triangle ABC.
2A A

L
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Exercise

1. Show that the three small circles are equal.

2. The incenter of a right triangle is equidistant from the midpoint of the
hypotenuse and the vertex of the right angle. Show that the triangle
contains a 30° angle.

3. Show that XY Z is an acute angle triangle.

4. Let P be a point on the side BC of triangle ABC with incenter I.
Mark the point @) on the side AB such that BQ = BP. Show that
IP=1Q.
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Continue to mark R on AC such that AR = AQ, P’ on BC such that
CP' = CR, Q' on AB such that BQ' = BP’, R’ on AC such that
AR’ = AQ'. Show that CP = CR/, and that the six points P, Q, R,
P, @', R lie on a circle, center I.

5. The inradius of a right triangle is r = s — c.

6. The incircle of triangle ABC touches the sides AC' and AB at Y and Z
respectively. Suppose BY = C'Z. Show that the triangle is isosceles.

7. A line parallel to hypotenuse AB of a right triangle ABC passes
through the incenter I. The segments included between I and the
sides AC and BC' have lengths 3 and 4.

NN

8. Z is a point on a segment AB such that AZ = v and ZB = v. Suppose
the incircle of a right triangle with AB as hypotenuse touches AB at
Z. Show that the area of the triangle is equal to uv. Make use of this
to give a euclidean construction of the triangle. 2

2Solution. Let r be the inradius. Since r = s — ¢ for a right triangle, a = r + u and
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9. AB is an arc of a circle O(r), with ZAOB = «. Find the radius of the
circle tangent to the arc and the radii through A and B. 3

10. A semicircle with diameter BC' is constructed outside an equilateral
triangle ABC. X and Y are points dividing the semicircle into three
equal parts. Show that the lines AX and AY divide the side BC' into
three equal parts.

11. Suppose each side of equilateral triangle has length 2a. Calculate the
radius of the circle tangent to the semicircle and the sides AB and
AC. 4

12. AB is a diameter of a circle O(v/5a). PXYQ is a square inscribed in
the semicircle. Let C' a point on the semicircle such that BC = 2a.

b=r-+v. From (r +u)?+ (r +v)? = (u+Vv)?, we obtain (r 4 u)(r +v) = 2uv so that the
area is (r +u)(r +v) = uv. If h is the height on the hypotenuse, then 3(u+ v)h = uv.
This leads to a simple construction of the triangle.

SHint: The circle is tangent to the arc at its midpoint.
“1(1+V3)a.
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(a) Show that the right triangle ABC has the same area as the square
PXYQ.
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find this radius. What is the inradius of each of the remaining two
triangles? ©

15. Let the incircle I(r) of a right triangle AABC' (with hypotenuse AB)
touch its sides BC, CA, AB at X, Y, Z respectively. The bisectors
Al and BI intersect the circle Z(I) at the points M and N. Let CR
be the altitude on the hypotenuse AB.

Show that

(i) XN =YM =r;

(i) M and N are the incenters of the right triangles ABR and BCR
respectively.
C

16. CR is the altitude on the hypotenuse AB of a right triangle ABC.
Show that the area of the triangle determined by the incenters of

triangles ABC, ACR, and BCR is =2, 7

17. The triangle is isosceles and the three small circles have equal radii.
Suppose the large circle has radius R. Find the radius of the small
circles. 8

5(vV3—+v2)a.
"Make use of similarity of triangles.
8Let 0 be the semi-vertical angle of the isosceles triangle. The inradius of the triangle
P 2
is 223N6Cos 0 — 9Rsinf(1 — sin ). If this is equal to Z(1 — sinf), then sinf = 3. From
this, the inradius is %R.
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18. The large circle has radius R. The four small circles have equal radii.
Find this common radius. °

2.3 The excircles

2.3.1 The excenter

The internal bisector of each angle and the external bisectors of the remain-
ing two angles are concurrent at an excenter of the triangle. An excircle can
be constructed with this as center, tangent to the lines containing the three
sides of the triangle.

®Let 6 be the smaller acute angle of one of the right triangles. The inradius of the right

triangle is %. If this is equal to %(1 —sin#), then 5sin @ — cos§ = 1. From this,

. _ i . . . i
sinf) = %, and the inradius is 3R.
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2.3.2 The exradii

The exradii of a triangle with sides a, b, ¢ are given by
AN A A

Tg = ry = —— re =
s—b’

s—a’
Proof. The areas of the triangles I4 BC, [4CA, and [4AB are %ara, %bra,
and %cra respectively. Since

s—c

A =—-NI4BC+ ANI4CA+ AIAAB,
we have 1
A= §ra(—a +b+c)=rus—a),

A

s—a’

from which r, =

Exercise

1. If the incenter is equidistant from the three excenters, show that the
triangle is equilateral.

2. Show that the circumradius of AIaIglc is 2R, and the area is ‘lz—ljf.

3. Show that for triangle ABC, if any two of the points O, I, H are
concyclic with the vertices B and C, then the five points are concyclic.
In this case, a = 60°.

4. Suppose a = 60°. Show that 10 = IH.

5. Suppose a = 60°. If the bisectors of angles B and C' meet their
opposite sides at £ and F', then /[E = [F.

6. Show that % = tan g tan 3.
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/ /
7. Let P be a point on the side BC. Denote by ::,,’ 5,, the inradius

I

. . ABP /r.//r.// . .
and exradius of triangle APC” Show that i independent of the

position of P.

8. Let M be the midpoint of the arc BC' of the circumcircle not containing
the vertex A. Show that M is also the midpoint of the segment I14.

9. Let M’ be the midpoint of the arc BAC' of the circumcircle of triangle
ABC'. Show that each of M'BIx and M'CIp is an isosceles triangle.

Deduce that M’ is indeed the midpoint of the segment Iglc.

10. The circle BIC intersects the sides AC, AB at E and F respectively.
Show that EF is tangent to the incircle of AABC. 19

1°Hint: Show that IF bisects angle AFE.
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11. The incircle of triangle ABC' touches the side BC' at X. The line AX
intersects the perpendicular bisector of BC at K. If D is the midpoint
of BC, show that DK = r¢.

2.4 Heron’s formula for the area of a triangle

Consider a triangle ABC with area AA. Denote by r the inradius, and r, the
radius of the excircle on the side BC of triangle ABC. It is convenient to
introduce the semiperimeter s = %(a +b+c).

o A =rs.
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e From the similarity of triangles AIZ and AI'Z’,

T s—a

Ta s
e From the similarity of triangles CIY and I'CY”,
rrg=(s—b)(s—c).

e From these,

9

. \/(s—a)(s—b)(s—c)

S

A = \/s(s —a)(s—0b)(s—c).

This latter is the famous Heron formula.

Exercise

1. The altitudes a triangle are 12, 15 and 20. What is the area of the
triangle ? 1

2. Find the inradius and the exradii of the (13,14,15) triangle.

3. The length of each side of the square is 6a, and the radius of each of
the top and bottom circles is a. Calculate the radii of the other two
circles.

LA = 150. The lengths of the sides are 25, 20 and 15.



YIU:

2.4.1 Appendix: A synthetic proof of r, +r,+r.=4R+r

1,1 ,1_1
E+E+E_ .

Euclidean Geometry

the triangle contains a right angle.

r

. Talpre = 125,
Show that
_ g3
(1) o+ Tyt T = s +(ab£—bc+ca)s;

(ii) (s —a)(s — b)(s — ¢) = —8> + (ab + bc + ca)s.
Deduce that
T +71p+ 1. =4R+ 7.

32

. If one of the ex-radii of a triangle is equal to its semiperimeter, then
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Proof. (1) The midpoint M of the segment I14 is on the circumcircle.
(2) The midpoint M’ of Iglc is also on the circumcircle.
(3) MM’ is indeed a diameter of the circumcircle, so that MM’ = 2R.
(4) If D is the midpoint of BC, then DM’ = (ry, + ).
(5) Since D is the midpoint of X X', QX' =1X =r, and [4Q =1, — .
(6) Since M is the midpoint of 114, M D is parallel to [4Q and is half
in length. Thus, M D = %(ra —r).
(7) It now follows from MM’ = 2R that ro + 7, + 7. —r = 4R.



Chapter 3

The Euler line and
the nine-point circle

3.1 The orthocenter

3.1.1

The three altitudes of a triangle are concurrent. The intersection is the
orthocenter of the triangle.

The orthocenter is a triangle is the circumcenter of the triangle bounded
by the lines through the vertices parallel to their opposite sides.

3.1.2

The orthocenter of a right triangle is the vertex of the right angle.

34
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If the triangle is obtuse, say, a > 90°, then the orthocenter H is outside
the triangle. In this case, C' is the orthocenter of the acute triangle ABH.

3.1.3 Orthocentric quadrangle

More generally, if A, B, C, D are four points one of which is the orthocenter
of the triangle formed by the other three, then each of these points is the
orthocenter of the triangle whose vertices are the remaining three points. In
this case, we call ABC'D an orthocentric quadrangle.

3.1.4 Orthic triangle

The orthic triangle of ABC has as vertices the traces of the orthocenter
H on the sides. If ABC' is an acute triangle, then the angles of the orthic
triangle are

180° — 2o, 180° —23, and 180° — 2~.

If ABC is an obtuse triangle, with v > 90°, then ABH is acute, with
angles 90° — 3, 90° — o, and 180° — «y. The triangles ABC and ABH have
the same orthic triangle, whose angles are then

203, 2cc, and 2y — 180°.

Exercise

1. If ABC is an acute triangle, then YZ = acosa. How should this be
modified if a > 90°?

2. If an acute triangle is similar to its orthic triangle, then the triangle
must be equilateral.
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3. Let H be the orthocenter of an acute triangle. AH = 2R - cos o, and
HX =2R - cos fcos~y, where R is the circumradius.

4. If an obtuse triangle is similar to its orthic triangle, find the angles of
the triangle. !

3.2 The Euler line

3.2.1 Theorem

The circumcenter O, the orthocenter H and the median point M of a non-
equilateral triangle are always collinear. Furthermore, OG : GH =1 : 2.
Proof. Let Y be the pr%jection of the orthocenter H on the side AC.

The Euler line

1. AH = AY/siny = ccosa/siny = 2R cos a.
2. OD = Rcosa.

3. If OH and AD intersect at G’, then AAG'H ~ ADG'O, and AG' =
2G'D.

4. Consequently, G’ = G, the centroid of AABC.

The line OGH is called the Euler line of the triangle.

1180° 360° 720°
= T 7 and -
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Exercise

1. Show that a triangle is equilateral if and only if any two of the points
coincide.

circumcenter, incenter, centroid, orthocenter.

2. Show that the incenter I of a non-equilateral triangle lies on the Euler
line if and only if the triangle is isosceles.

3. Let O be the circumcenter of AABC. Denote by D, E, F the projec-
tions of O on the sides BC, C' A, AB respectively. DEF is called the
medial triangle of ABC.

(a) Show that the orthocenter of DEF is the circumcenter O of AABC.
(b) Show that the centroid of DEF is the centroid of AABC.

(c¢) Show that the circumcenter N of DEF' also lies on the Euler line
of AABC'. Furthermore,

OG:GN:NH=2:1:3.

4. Let H be the orthocenter of triangle ABC'. Show that the Euler lines
of NAABC, AHBC, AHCA and AHAB are concurrent. 2

5. Show that the Euler line is parallel (respectively perpendicular) to the
2r

internal bisector of angle C'if and only if v = 5 (respectively 7).

6. A diameter d of the circumcircle of an equilateral triangle ABC' in-
tersects the sidesBC, C'A and AB at D, E and F respectively. Show
that the Euler lines of the triangles AEF, BFD and CDE form an
equilateral triangle symmetrically congruent to ABC, the center of
symmetry lying on the diameter d. 3

2Hint: find a point common to them all.
3Thébault, AMM E547.
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7. The Euler lines of triangles IBC, IC A, IAB are concurrent. *

3.3 The nine-point circle

Let ABC be a given triangle, with

(i) D, E, F the midpoints of the sides BC, C A, AB,

(ii) P, @, R the projections of the vertices A, B, C' on their opposite
sides, the altitudes AP, B@Q, C'R concurring at the orthocenter H,

(iii) X, Y, Z the midpoints of the segments AH, BH, CH.

The nine points D, E, F, P, Q, R, X, Y, Z are concyclic.

This is called the nine-point circle of AABC. The center of this circle is
the nine-point center F'. It is indeed the circumcircle of the medial triangle
DEF.

The center F' of the nine-point circle lies on the Euler line, and is the
midway between the circumcenter O and the orthocenter H.

4Crux 1018. Schliffer-Veldkamp.
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The nine-point circle of a triangle

Exercise

1. P and @) are two points on a semicircle with diameter AB. AP and
BQ intersect at C', and the tangents at P and @) intersect at X. Show
that CX is perpendicular to AB.

2. Let P be a point on the circumcircle of triangle ABC', with orthocenter
H. The midpoint of PH lies on the nine-point circle of the triangle. °
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3. (a) Let ABC be an isosceles triangle with a = 2 and b = ¢ = 9. Show
that there is a circle with center I tangent to each of the excircles of
triangle ABC.

(b) Suppose there is a circle with center I tangent externally to each
of the excircles. Show that the triangle is equilateral.

(c) Suppose there is a circle with center I tangent internally to each
of the excircles. Show that the triangle is equilateral.

4. Prove that the nine-point circle of a triangle trisects a median if and
only if the side lengths are proportional to its medians lengths in some
order.

3.4 Power of a point with respect to a circle
The power of a point P with respect to a circle O(r) is defined as
O(r)p := OP? — 12,

This number is positive, zero, or negative according as P is outside, on,
or inside the circle.

3.4.1

For any line ¢ through P intersecting a circle (O) at A and B, the signed
product PA- PB is equal to (O)p, the power of P with respect to the circle
(0).

If P is outside the circle, (O)p is the square of the tangent from P to
(0).
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3.4.2 Theorem on intersecting chords

If two lines containing two chords AB and CD of a circle (O) intersect at
P, the signed products PA - PB and PC - PD are equal.

Proof. Each of these products is equal to the power (O)p = OP? — 1?2,

Exercise

1. If two circles intersect, the common chord, when extended, bisects the
common tangents.

2. E and F are the midpoints of two opposite sides of a square ABCD.
P is a point on CFE, and F(Q is parallel to AE. Show that PQ is
tangent to the incircle of the square.
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Q
D c
P
E E
B

3. (The butterfly theorem) Let M be the midpoint of a chord AB of a
circle (O). PY and QX are two chords through M. PX and QY
intersect the chord AB at H and K respectively.

(i) Use the sine formula to show that

HX-HP KY -KQ
HM? — KM? °

(ii) Use the intersecting chords theorem to deduce that HM = K M.

4. P and @ are two points on the diameter AB of a semicircle. K(T) is
the circle tangent to the semicircle and the perpendiculars to AB at P
and @. Show that the distance from K to AB is the geometric mean
of the lengths of AP and BQ.
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3.5 Distance between O and |

3.5.1 Theorem

The distance d between the circumcenter O and the incenter I of AABC is

given by
R? — d* = 2Rr.

Proof. Join AI to cut the circumcircle at X. Note that X is the midpoint
of the arc BC. Furthermore,

1. IX = XB = XC = 2Rsin &,
2. JA=r/sing, and

3. R?—d? = power of I with respect to the circumcircle = TA-IX = 2Rr.

3.5.2 Corollary

— in & oqin B oain X
1"—4Rsmzslnzsln2.
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Proof.

IC =2XC -sin g = 4Rsin % sin g It follows that

r:IC'-sin% :4Rsingsinésin1.

2 2 2

3.5.3 Distance between O and excenters

OI4 = R* + 2Ry,

Exercise

1.

Given the circumcenter, the incenter, and a vertex of a triangle,
construct the triangle.

44

Note that triangle XIC' is isosceles with /I XC = 3. This means

to

Given a circle O(R) and r < %R, construct a point I inside O(R) so

that O(R) and I(r) are the circumcircle and incircle of a triangle?

Given a point I inside a circle O(R), construct a circle I(r) so that

O(R) and I(r) are the circumcircle and incircle of a triangle?

O(R) and I(r) are the circumcircle and incircle of a triangle?

. Given a circle I(r) and a point O, construct a circle O(R) so that

Show that the line joining the circumcenter and the incenter is parallel
to a side of the triangle if and only if one of the following condition

holds.
(a) One of the angles has cosine f;
(b) 52 — QE=rPGien)

R—r

abc 6
a+b+c’

The power of I with respect to the circumcircle is
ATO < 90° if and only if 2a < b+ c.

Make use of the relation

a = r(cot g + cot %)

to give an alternative proof of the formula r = 4R sin § sin g sin 3.

Show that X1, = X1I.

6Johnson, §298(i). This power is O12 — R? = 2Rr = Z—I’AC cL = gbe
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Circles

4.1 Tests for concyclic points

4.1.1

Let A, B, C, D be four points such that the lines AB and CD intersect
(extended if necessary) at P. If AP- BP = C'P- DP, then the points A, B,
C, D are concyclic.

4.1.2

Let P be a point on the line containing the side AB of triangle ABC such
that AP-BP = CP?. Then the line C'P touches the circumcircle of triangle
ABC at the point C.

Exercise

1. Let ABC be a triangle satisfying v = 90° + %ﬂ If Z is the point on
the side AB such that BZ = BC' = a, then the circumcircle of triangle

45
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BCZ touches the side AC at C.

2. Let ABC be a triangle satisfying v = 90° + %ﬂ. Suppose that M is
the midpoint of BC, and that the circle with center A and radius AM
meets BC again at D. Prove that M D = AB.

3. Suppose that ABC is a triangle satisfying v = 90° + %ﬂ, that the
exterior bisector of angle A intersects BC' at D, and that the side AB
touches the incircle of triangle ABC at F. Prove that CD = 2AF.

4.2 Tangents to circles

The centers of the two circles A(a) and A(b) are at a distance d apart.
Suppose d > a + b so that the two circles do not intersect. The internal
common tangent PQ) has length

\/d? — (a+ b)2.
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Suppose d > |a — b| so that none of the circle contains the other. The
external common tangent XY has length

\/d? — (a — b)2.

Exercise

1. In each of the following cases, find the ratio AB : BC. !
A B A

o

2. Two circles A(a) and B(b) are tangent externally at a point P. The

common tangent at P intersects the two external common tangents
XY, X'Y" at K, K' respectively.

(a) Show that ZAK B is a right angle.
(b) What is the length PK?
(c) Find the lengths of the common tangents XY and KK'.

1\/§ : \/§ + 2 in the case of 4 circles.
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3. A(a) and B(b) are two circles with their centers at a distance d apart.
AP and AQ are the tangents from A to circle B(b). These tangents
intersect the circle A(a) at H and K. Calculate the length of HK in
terms of d, a, and b. ?

4. Tangents are drawn from the center of two given circles to the other
circles. Show that the chords HK and H'K' intercepted by the tan-
gents are equal.

5. A(a) and B(b) are two circles with their centers at a distance d apart.
From the extremity A’ of the diameter of A(a) on the line AB, tangents
are constructed to the circle B(b). Calculate the radius of the circle
tangent internally to A(a) and to these tangent lines. 3

2ab

2ab
d+a+b"’

2 Answer:
3 Answer:
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6. Show that the two incircles have equal radii.

7. ABCD is a square of unit side. P is a point on BC' so that the incircle
of triangle ABP and the circle tangent to the lines AP, PC and CD
have equal radii. Show that the length of BP satisfies the equation

22° — 222 + 20 —1=0.
D c D

)

8. ABCD is a square of unit side. () is a point on BC so that the incircle
of triangle ABQ and the circle tangent to AQ, QC, C'D touch each
other at a point on AQ. Show that the radii  and y of the circles
satisfy the equations

_ 2(3— 6z + 222)
YT o o
Deduce that z is the root of

42° — 1222 + 82 — 1 = 0.

VI+y=1
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4.3 Tangent circles

4.3.1 A basic formula

Let AB be a chord of a circle O(R) at a distance h from the center O, and
P a point on AB. The radii of the circles K(r) tangent to AB at P and

K'(r")
also to the mupr arc AB are
major
. AP .- PB and 1 — AP - PB
~ 2(R+h)  2(R-h)

respectively.

Proof. Let M be the midpoint of AB and M P = x. Let K (r) be the circle
tangent to AB at P and to the minor arc AB. We have

(R—r)? =a®+ (h+71)?
from which

R?—2®>—h?> R?’-0OP> AP-PB
20R+h)  2(R+h) 2(R+h)

The case for the major arc is similar.

4.3.2 Construction

Let C' be the midpoint of arc AB. Mark a point ) on the circle so that
PQ = CM. Extend QP to meet the circle again at H. Then r = %PH,
from this the center K can be located easily.
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Remarks

(1) If the chord AB is a diameter, these two circles both have radius
AP-PB
2R
(2) Note that the ratio r : ¥ = R — h : R+ h is independent of the

position of P on the chord AB.
4.3.3

Let 6 be the angle between an external common tangent of the circles K (r),
K'(r") and the center line KK'. Clearly,

R—h
T R—h :
e 14+ g 14 gy R

This is the same angle between the radius OA and the chord AB. Since the
center line KK’ is perpendicular to the chord AB, the common tang